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Let H be a subgroup of group G . H is said to satisfy Π-property
in G , if |G/K : NG/K (HK/K ∩ L/K )| is a π(HK/K ∩ L/K )-number
for any chief factor L/K of G , and, if there is a subnormal
supplement T of H in G such that H ∩ T  I  H for some
subgroup I satisfying Π-property in G , then H is called Π-normal
in G . These properties are common properties satisﬁed by many
subgroups which satisfy some known embedding property. Groups
can be described when some primary subgroups are Π-normal,
and many known results are generalized.
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1. Introduction
Throughout this paper, all groups considered are ﬁnite. Let G be a group. π(G) denotes the set of
all prime divisors of |G|. π denotes a set of some primes and an integer n is called a π -number if
all its prime divisors belong to π . π ′ is the complement of π in the set P of all primes. A class F of
groups is called a formation if F is closed under taking homomorphic image and subdirect product.
A formation F is said to be saturated if it contains every group G with G/Φ(G) ∈ F. We denote by N
the class of all nilpotent groups and by U the class of all supersoluble groups. It is well known that
N and U are both saturated formations. Following Doerk and Hawkes [11], a map
f : P → { formation}
is called a formation function and LF( f ) denotes the set of all such group G that G/CG (H/K ) ∈ f (p)
for any chief factor H/K of G with p | |H/K |. For a formation F, if there exists a formation function
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if f (p) ⊆ F for all primes p, then f is said to be an inner screen of F. It is known that a formation
is saturated if and only if it is local. For a saturated (local) formation F = LF( f ), a normal factor H/K
of G is said to be F-central in G if G/CG(H/K ) ∈ f (p) for every p ∈ π(H/K ). A normal subgroup N
of G is called F-hypercentral in G if every G-chief factor of N is F-central in G . The product of all F-
hypercentral normal subgroups of a group G is called the F-hypercenter of G and denoted by ZF∞(G).
It is known that ZN∞(G) = Z∞(G) is the hypercenter of G . The notions and notations not introduced
are standard, as in [13] or [11].
Recall that a subgroup A of a group G is said to permute with a subgroup B if AB = B A. It
is known that AB is a subgroup of G if and only if A permutes with B . Thus the permutability
of subgroups is very important. A subgroup H of G is called quasinormal [29] or permutable [11]
in G if H permutes with all subgroups of G . If H permutes with all Sylow subgroups of G , then
H is called s-permutable in G [20]. After the work in [10,20], many authors attempted to study
and apply other types of embedding properties of subgroups. For instance, a subgroup H in G is
called seminormal [12,35] if H is permutable with all subgroups of some supplement of it. Differently,
a subgroup H of a group G is called semipermutable in G [38] if it is permutable with every subgroup
K of G with (|H|, |K |) = 1. A subgroup H of G is called c-semipermutable in G [17] if H has a
minimal supplement T in G such that for every subgroup T1 of T there is an element x ∈ T satisfying
HT x1 = T x1H . A subgroup H of a group G is said to be S-quasinormally embedded in G [7] if for each
prime p dividing the order of H , a Sylow p-subgroup of H is also a Sylow p-subgroup of some s-
permutable subgroup of G . For a group G , let Z be a set containing exactly one Sylow p-subgroup
of G for any prime divisor p of |G|, which is called a complete set of Sylow subgroups of G . If a
subgroup H of G permutes with every member in Z, then H is called Z-permutable in G [4]. In a
group G , a conditionally permutable subgroup is a subgroup of G permutable with some conjugate
of any subgroup of G [16], and s-conditionally permutable subgroup, which was studied in [21], is a
subgroup of G permutable with some conjugate of any Sylow subgroup of G . As we can ﬁnd, there are
also many other types of embedding properties of subgroups. Connection with this, a natural question
is
Question. Does these embedding properties of subgroups have any common property?
Considering this question, we give the following concept.
Deﬁnition 1.1. Let H be a subgroup of G . We call that H satisﬁes Π -property in G if for any G-chief
factor L/K , |G/K : NG/K (HK/K ∩ L/K )| is a π(HK/K ∩ L/K )-number.
In any ﬁnite soluble group every maximal subgroup has Π -property. Therefore this deﬁnition is
natural. Moreover, as one can ﬁnd in Section 2, Π -property holds on many subgroups which satisﬁes
some known embedding property.
In [36], a subgroup H of G is called c-normal in G if G has a normal subgroup T such that
HT = G and T ∩ H  HG where HG is the core of H in G; and in [33], a subgroup H of G is called
weakly s-permutable in G if G has a subnormal subgroup T such that HT = G and T ∩ H  HsG
where HsG is the subgroup of H generated by all those subgroups of H which are s-permutable in G .
A subgroup H in G is called Uc-normal in G [1] if there is a subnormal subgroup T of G such that
(H ∩ T )HG/HG ⊆ ZU∞(G/HG). Along this, we propose
Deﬁnition 1.2. Let H be a subgroup of G . If there is a subgroup T of G such that HT = G and H ∩ T 
I  H , where I satisﬁes Π -property in G , then H is called Π -supplemented in G . If, furthermore, T is
subnormal in G , then H is called Π -normal in G .
2. Elementary properties
Proposition 2.1. Let H be a subgroup of G and N a normal subgroup of G.
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(2) If H satisﬁes Π -property in G, then H is both Π -normal and Π -supplemented in G.
(3) If H is Π -normal (Π -supplemented) in G, then HN/N is Π -normal (Π -supplemented) in G/N when
N ⊆ H or (|H|, |N|) = 1.
Proof. (1) Let (L/N)/(K/N) be a chief factor of G/N . Then L/K is a chief factor of G and hence
|G/K : NG/K (HK/K ∩ L/K )| is a π(HK/K ∩ L/K )-number. It follows directly that |(G/N)/(K/N) :
N(G/N)/(K/N)((HK/N)/(K/N) ∩ (L/N)/(K/N))| is a π((HK/N)/(K/N) ∩ (L/N)/(K/N))-number and
hence (1) holds.
(2) is clear by choosing T = G .
(3) Assume that H is Π -normal in G . Then there is a subnormal subgroup T of G such that
G = HT and H ∩ T  I  H , where I satisﬁes Π -property in G . If N ⊆ H , then H/N ∩ T N/N =
(H ∩ T )N/N  IN/N  H/N and IN/N satisﬁes Π -property in G/N by (1). Since, obviously, G/N =
(H/N)(T N/N), H/N is Π -normal in G/N . If (|H|, |N|) = 1, then N ⊆ T since HT = G and N is normal
in G . Similarly as above, we have that HN/N is Π -normal in G/N . By the same argument, we can
also prove that if H is Π -supplemented in G , then HN/N is Π -supplemented in G when N ⊆ H or
(|H|, |N|) = 1. 
Letting X be a subset of G , in [14], a subgroup H is said to be X-permutable with T if there is an
element x ∈ X such that HT x = T xH .
Proposition 2.2. Let H be a subgroup of G. Then H satisﬁes Π -property in G, if one of the following holds:
(1) H is normal in G;
(2) H is permutable in G;
(3) H is s-permutable in G;
(4) H is X-permutable with all Sylow subgroups of G, where X is a soluble normal subgroup of G.
Proof. Since all normal subgroups, all permutable subgroups and all s-permutable subgroups in G are
X-permutable with all Sylow subgroups in G for any subgroup X of G , we only need to prove that
H satisﬁes Π -property in G when (4) holds. Let L/K be any chief factor of G . Then HK/K is XK/K -
permutable with all Sylow subgroups of G/K and XK/K is a soluble normal subgroup of G/K . If
K = 1, then, by induction on |G|, we can assume that HK/K satisﬁes Π -property in G/K and hence
|G/K : NG/K (HK/K ∩ L/K )| is a π(HK/K ∩ L/K )-number. Assume K = 1. Then L is minimal normal
in G . Assume that L is abelian. Then L is a p-subgroup for some prime p. If H ∩ L = 1, then it holds
clearly that |G : NG(H ∩ L)| = 1 is a π(H ∩ L)-number. Assume that H ∩ L = 1. Then p ∈ π(H ∩ L).
We claim that |G : NG(H ∩ L)| is a p-number and hence is a π(H ∩ L)-number. Let q be any prime
divisor of |G| with q = p and Gq a Sylow q-subgroup of G . Then there is an element x ∈ X such
that HGxq = GxqH . Since L is a normal p-group, we have that L ∩ HGxq = L ∩ H is a normal subgroup
of HGxq . Hence G
x
q ⊆ NG(H ∩ L) and so |G : NG(H ∩ L)| is a q′-number. Now, by the choice of q, we
have obtained that |G : NG(H ∩ L)| is a p-number when L is abelian. Assume that L is nonabelian.
Then L ∩ X = 1 and hence X ⊆ CG(L). Let q be any prime divisor of |L| and Q a Sylow q-subgroup
of L. Let Gq be a Sylow q-subgroup of G such that Q  Gq . By hypotheses, there is an element x ∈ X
such that HGxq = GxqH . Clearly, (|HGxq : H|, |HGxq : Gxq|) = 1 and L ∩ HGxq  HGxq . By [13, Lemma 3.8.2],
L ∩ HGxq = (L ∩ HGxq ∩ H)(L ∩ HGxq ∩ Gxq) = (H ∩ L)(L ∩ Gxq) = (H ∩ L)Q x . Since X ⊆ CG (L), Q x = Q
and so H ∩ L permutes with Q . By the choice of Q , we see that H ∩ L is s-permutable in L and so is
subnormal in L. Since L is minimal normal in G , L is a product of some simple groups. Thus H∩ L L.
Now consider that q is not a π(H ∩ L)-number. Then H ∩ L char (H ∩ L)Q since (H ∩ L)Q  L. On
the other hand, (H ∩ L)Q = L ∩ HGxq  HGxq by the above argument. Thus Gxq ⊆ NG(H ∩ L) and hence
|G : NG(H ∩ L)| is a q′-number for any q /∈ π(H ∩ L). Therefore, |G : NG(H ∩ L)| is a π(H ∩ L)-number
and the proposition holds. 
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L ⊆ HK (correspondingly, L ∩ H ⊆ K ). A subgroup H of G is called a CAP-subgroup if H either covers
or avoids each chief factor of G .
Proposition 2.3. A subgroup H of G satisﬁes Π -property in G when
(1) H is a CAP-subgroup of G;
(2) H/HG ⊆ ZU∞(G/HG ).
Proof. (1) is clear by the deﬁnitions. Now we prove that H satisﬁes Π -property in G when H/HG ⊆
ZU∞(G/HG). Let L/K be any chief factor of G . Clearly, (HK/K )/((HK )G/K ) ⊆ ZU∞((G/K )/((HK )G/K )).
Thus we can assume that HK/K satisﬁes Π -property in G/K by induction on |G| if K = 1 and so
|G/K : NG/K (HK/K ∩ L/K )| is a π(HK/K ∩ L/K )-number. Assume that K = 1 and so L is a mini-
mal normal subgroup of G . If L ⊆ H , then H ∩ L = L  G . Assume L  H . Then L ∩ HG = 1. Since
H/HG ⊆ ZU∞(G/HG), LHG/HG ∩ H/HG ⊆ ZU∞(G/HG). Thus LHG/HG ∩ H/HG = 1 or LHG/HG is cyclic.
If LHG/HG ∩ H/HG = 1, then (L ∩ H)HG = LHG ∩ H ⊆ HG and so L ∩ H ⊆ L ∩ HG = 1. If LHG/HG
is cyclic, then L is cyclic and so H ∩ L = 1 still holds since L  H . It follows that H ∩ L  G and
|G : NG(H ∩ L)| is a π(H ∩ L)-number. The proof is completed. 
Proposition 2.4. Let H be a primary subgroup of G. If H is seminormal or semipermutable in G, then H
satisﬁes Π -property in G.
Proof. Assume that H is seminormal in G and let T be a supplement of H in G such that H permutes
with all subgroup of T . Since H is primary, H is a p-group for some prime p. Let q be any prime
divisor of |G| different from p and Gq an arbitrary Sylow q-subgroup of G . Then Gxq ⊆ T for some
x ∈ H since G = HT and H is a p-subgroup. Thus H permutes with Gxq and so (HGq)x = HGxq is a
subgroup of G . It follows that H permutes with Gq . Let L/K be any chief factor of G . Clearly, HK/K
is seminormal in G/K . If K = 1, then, by induction on |G|, we can assume that HK/K satisﬁes Π -
property in G/K and hence |G/K : NG/K (HK/K ∩ L/K )| is a π(HK/K ∩ L/K )-number. Assume K = 1.
Then L is minimal normal in G . If L is abelian, then it can be obtained that |G : NG(H ∩ L)| is a
π(H ∩ L)-number by an argument as in Proposition 2.2. Assume that L is nonabelian. We claim that
H ∩ L = 1. Let Q be any Sylow q-subgroup of L and choose Gq to be a Sylow q-subgroup of G
containing Q . Then HGq = GqH and, by [13, Lemma 3.8.2], L ∩ HGq = (L ∩ H)(L ∩ Gq) = (H ∩ L)Q .
This induces that H ∩ L permutes with all Sylow q-subgroup of L. Since L is nonabelian, (H ∩ L)Q = L
by Burnside paqb-Theorem. It follows from [19, Theorem 3] that there is a proper normal subgroup N
of L such that H ∩ L ⊆ N or Q ⊆ N . But Q ⊆ N is nonsense since Q is a Sylow q-subgroup of L and
L is a direct product of some nonabelian simple groups which are isomorphic to each other. Hence
H ∩ L ⊆ N . Repeating this argument, we can ﬁnd ﬁnally that H ∩ L is subnormal in L. Thus H ∩ L ⊆
O p(L) = 1. It follows that H ∩ L  G and, certainly |G : NG(H ∩ L)| is a π(H ∩ L)-number. Similarly,
one can prove that H satisﬁes Π -property in G if H is semipermutable in G and the proposition
holds. 
Proposition 2.5. Assume that H ⊆ N  G and N is soluble, then H satisﬁes Π -property in G if
(1) H is s-conditionally permutable in G;
(2) Z-permutable in G;
(3) S-quasinormally embedded in G;
(4) c-semipermutable in G.
Proof. (1) Assume that H is s-conditionally permutable in G and let L/K be any chief factor of G .
Then HK/K is s-conditionally permutable in G/K and HK/K ⊆ NK/K . If K = 1, then, by induction
on |G|, we can assume that HK/K satisﬁes Π -property in G/K and hence |G/K : NG/K (HK/K ∩ L/K )|
is a π(HK/K ∩ L/K )-number. Assume K = 1. Then L is minimal normal in G and hence N ∩ L = L
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|G : NG(H ∩ L)| = 1 being a π(H ∩ L)-number holds. Assume H ∩ L = 1. Then p ∈ π(H ∩ L). Let q be
any prime divisor of |G| different from p. By hypotheses, H permutes with some Sylow q-subgroup Gq
of G . Since L is a p-group and p = q, L ∩ H = L ∩ HGq  G . Therefore, Gq ⊆ NG(H ∩ L). Hence, by the
choice of q, |G : NG(H ∩ L)| is a p-number and so is a π(H ∩ L)-number. If L ∩ N = 1, then H ∩ L = 1
and hence is normal in G . Thus in any case we have that |G : NG(H ∩ L)| is a π(H ∩ L)-number and
(1) holds.
(2) Since a Z-permutable subgroup is clearly s-conditionally permutable in G , (2) is clear by (1).
(3) Assume that H is S-quasinormally embedded in G and let L/K be any chief factor of G . We
can assume that |G/K : NG/K (HK/K ∩ L/K ) is a π(HK/K ∩ L/K )-number by induction on |G| when
K = 1. Assume that K = 1 and L is minimal normal in G . Then N ∩ L = L or 1. If N ∩ L = L, then L is
abelian and so is a p-group for some prime p. Clearly, if H ∩ L = 1, then it holds that |G : NG(H ∩ L)|
is a π(H ∩ L)-number. Assume H ∩ L = 1. Then p ∈ π(H ∩ L). Since H is S-quasinormally embedded
in G , there is a s-permutable subgroup R of G such that a Sylow p-subgroup of H is also some Sylow
p-subgroup of R . Since L is a normal p-subgroup of G , H ∩ L = R ∩ L. Let q be any prime divisor of
|G| different from p. Then R permutes some Sylow q-subgroup Gq of G . Since L is a p-group and
p = q, L ∩ R = L ∩ RGq  RGq . Therefore, Gq ⊆ NG(R ∩ L). Hence, by the choice of q, |G : NG(R ∩ L)| is
a p-number and so is a π(H ∩ L)-number. Thus (3) holds by H ∩ L = R ∩ L.
(4) By (1), we only need to prove that H is s-conditionally permutable in G . Let T be a supplement
of H in G such that for every subgroup T1 of T there is an element x ∈ T satisfying HT x1 = T x1H .
Assume that p is a prime divisor of G and T p is a Sylow p-subgroup of T . Then there is an element
x ∈ T such that HT xp = T xpH . Clearly, a Sylow p-subgroup P of HT xp is also a Sylow p-subgroup of G
and HP = HT xp . Thus HP = P H and so H is s-conditionally permutable in G by the choice of p. 
By Propositions 2.2 and 2.3, we obtain directly the following corollary.
Corollary 2.6. A subgroup H of G is Π -normal in G if H is
(1) c-normal in G;
(2) weakly s-permutable in G;
(3) Uc-normal in G.
Proposition 2.7. Let H be a p-subgroup of G and N a minimal normal subgroup of G. Assume that H is
Π -normal in G. If there is a Sylow p-subgroup Gp of G such that H ∩ N  Gp, then H ∩ N = N or 1.
Proof. Since H is Π -normal in G , there is a subnormal subgroup T of G such that HT = G and
H ∩ T  I  H , where I satisﬁes Π -property in G . Since T is subnormal in G and |G : T | = |H : H ∩ T |
is a p-number, O p(G) ⊆ T . If N ⊆ O p(G), then H∩N = H∩T ∩N  I∩N  H∩N . Hence H∩N = I∩N
and so |G : NG(H ∩ N)| is a p-number since |H ∩ N| is a p-number and I satisﬁes Π -property in G .
On the other hand, since H ∩ N  Gp , |G : NG(H ∩ N)| is a p′-number. Thereby, H ∩ N is normal in
G and it follows that H ∩ N = N or 1 since N is minimal normal in G . Assume that N  O p(G). Then
N ∼= NO p(G)/O p(G) is a chief factor of G and so N is cyclic of order p. Thus H ∩ N = N or 1 and the
proposition holds. 
Proposition 2.8. Let H be a p-subgroup of G for some prime divisor p of |G| and L aminimal normal subgroup
of G. Assume that H is Π -normal in G. Then L is a p-group if H ∩ L = 1.
Proof. Since H is Π -normal in G , there is a subnormal subgroup T of G such that G = HT and
H ∩ T  I , where I is a subgroup of H and I satisﬁes Π -property in G . Since H is a p-group, |G : T |
is a p-number and hence O p(G) ⊆ T . Assume that L is not a p-group, then L ⊆ O p(G) since L is
minimal normal in G . It follows that L ⊆ O p(G) ⊆ T . Hence I ∩ L ⊆ H ∩ L = H ∩ T ∩ L ⊆ I ∩ L and
so I ∩ L = H ∩ L = 1. Since I satisﬁes Π -property in G , |G : NG(I ∩ L)| is a p-number. This induces
that G = GpNG(I ∩ L), where Gp is a Sylow p-subgroup of G contained I ∩ L. By [13, Lemma 3.4.9],
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L is minimal normal in G . Thus the proposition holds. 
Proposition 2.9. Let H be a p-subgroup of G for some prime divisor p of |G| and assume that H satisﬁes
Π -property in G. Then any G-chief factor L/K which does not avoid by H is a p-factor and hence is abelian.
Proof. Since HK/K satisﬁes Π -property in G/K by Proposition 2.1(1), we can obtain that L/K is a
p-factor by induction on |G| if K = 1. Thus we can assume that K = 1 and hence the proposition
holds directly from Propositions 2.1(2) and 2.8. 
Remark 2.10. If subgroup H in Proposition 2.9 is just Π -normal in G , then L/K can be not abelian
for some G-chief factor L/K not avoided by H . For example, put G = A5 × Z5. Suppose a ∈ A5 and
b ∈ Z5 with |a| = |b| = 5. Then H = 〈ab〉 is Π -normal in G since G = A5  H . Also, H does not avoid
G/Z5, but G/Z5 ∼= A5 is nonabelian.
Proposition 2.11. Let G be a group. Then the following conditions are equivalent.
(1) G is supersoluble.
(2) All subgroups of G satisfy Π -property in G.
(3) All subgroups of G are Π -normal in G.
Proof. (1) ⇒ (2): Assume that G is supersoluble. Then G = ZU∞(G) and (2) holds directly from Propo-
sition 2.3.
(2) ⇒ (3): It follows directly from Proposition 2.1(2).
(3) ⇒ (1): Assume that all subgroups of G are Π -normal in G . If G is not supersoluble, then
G possesses a chief factor L/K which is noncyclic. Without loss of generality, we can assume that
K = 1 and so L is minimal normal in G . Assume that p is a prime divisor of |L| and let P be a
Sylow p-subgroup of G . Clearly, L ∩ P is a Sylow p subgroup of L and L ∩ P  P . Choose H to be a
maximal subgroup of L ∩ P with H  P . By (3), H is Π -normal in G and hence H = H ∩ L = 1 by
Proposition 2.7. Thus the Sylow p-subgroup L∩ P of L is cyclic and it follows that all Sylow subgroups
of L are cyclic by the choice of p. Therefore, L is cyclic of prime order since L is a minimal normal
subgroup of G . This is a contradiction and hence G is supersoluble. 
We list here some lemmas which are needed in the later.
Lemma 2.12. (See [22, Lemma 2.8].) Let F be a saturated formation and P be a normal p-subgroup of G. Then
P ⊆ ZF∞(G) if and only if P/Φ(P ) ⊆ ZF∞(G/Φ(P )).
Lemma 2.13. (See [33, Lemma 2.2].) Let G be a group, p, q be different prime divisors of |G|, P a noncyclic
Sylow p-subgroup of G and Q a Sylow q-subgroup of G. If any maximal subgroup of P (except one) has a
q-closed supplement in G, then Q is normal in G.
Lemma 2.14. Let P be a Sylow p-subgroup of G. Then G is p-supersoluble if every maximal subgroup of P has
a supersoluble supplement in G.
Proof. By induction on |G|, we can assume that O p′ (G) = 1. Let q be the maximal prime divisor
of |G|. If p = q, then all maximal subgroup of P has a q-closed supplement in G and hence G is
q-closed by Lemma 2.13. This is contrary to O p′(G) = 1. Assume that p = q is the maximal prime
divisor of |G|. Let P1 be a maximal subgroup of P and S a supersoluble supplement of P1 in G . Then
S is p-closed. Let Sp be the Sylow p-subgroup of S . Then Sp = 1 and P = P1Sp . Since G = P1S = P S ,
we have that SGp ⊆ P and hence O p(G) = 1. Let N be a minimal normal subgroup of G contained
in O p(G). Then the hypotheses hold on G/N and hence G/N is p-supersoluble by induction on |G|.
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be a supersoluble supplement of P1. Assume Sp is the Sylow p-subgroup of S and Sp′ is a Hall
p′-subgroup of S . Then Sp′ is a Hall p′-subgroup of G and Sp′ ⊆ NG(Sp). If Sp = P , then S = G is
supersoluble and hence is p-closed since p is the maximal prime divisor of |G|. Assume Sp < P and
put P2 be a maximal subgroup of P with Sp ⊆ P2. Let T be a supersoluble supplement of P2. Since
G is p-soluble, there is an element x ∈ G such that Sp′ ⊆ T x and since G = P2T x still holds, we can
assume that Sp′ ⊆ T . Let T p = P ∩ T . Then T p is the Sylow p-subgroup of T . So Sp′ ⊆ NG(T p) and
hence Sp′ ⊆ NG(〈Sp, T p〉). If 〈Sp, T p〉 = P , then P  G and G is p-closed. Clearly Sp < 〈Sp, T p〉. If
〈Sp, T p〉 < P , then we can choose P3 to be a maximal subgroup of P with 〈Sp, T p〉  P3 and, by
repeating the above argument, one can ﬁnd ﬁnally that Sp′  NG(P ) since P is ﬁnite. Therefore, G is
p-closed and P  G . If Φ(G) = 1, then G/Φ(G) is p-supersoluble by induction on |G| and hence G is
p-supersoluble since the formation of all p-supersoluble subgroup is a saturated formation. Assume
Φ(G) = 1. Then Φ(P )Φ(G) = 1 and so P is elementary. If P is not G-irreducible, then, by Maschke
Theorem P = M × N , where M and N are normal in G . Clearly, the hypotheses hold on both G/N
and G/M and so G/N and G/M are both p-supersoluble by induction. It follows that G ∼= G/M ∩ N is
p-supersoluble. Assume P is G-irreducible. Then P is a minimal normal subgroup of G . Let P1 be a
maximal subgroup of P . Then G is the only supplement of P1 in G . Hence G is supersoluble and the
lemma holds. 
Lemma 2.15. Let F be a nonempty saturated formation and f an inner screen of F. Choose p to be a primewith
f (p) = ∅. Assume that P is a normal p-subgroup of a group G. Then P ⊆ ZF∞(G) if and only if P ∩ G f (p) ⊆
Z∞(G f (p)).
Proof. Assume P ∩ G f (p) ⊆ Z∞(G f (p)). Then for any G-chief factor L/K with L ⊆ P ∩ G f (p) , we have
that L/K ∩ Z(G f (p)/K ) = 1 and hence L/K ⊆ Z(G f (p)/K ) since L/K is a G-chief factor. Thus G f (p) ⊆
CG(L/K ). It follows that G/CG (L/K ) ∈ f (p) and L/K is F-central. Besides, since G/G f (p) ∈ f (p) ⊆ F,
it is clear that PG f (p)/G f (p) ⊆ ZF∞(G/G f (p)) = G/G f (p) . This induces that every G-chief factor U/V
with P ∩ Z∞(G f (p)) V < U  P is F-central in G . Thus all G-chief factors of P are F-central in G
and so P ⊆ ZF∞(G).
Conversely, if P ⊆ ZF∞(G), then P ∩G f (p) ⊆ ZF∞(G) and so G/CG (L/K ) ∈ f (p) for any G-chief factor
L/K of P ∩ G f (p) . Thus G f (p) ⊆ CG(L/K ). It follows that P ∩ G f (p) ⊆ Z∞(G f (p)). 
Lemma 2.16. Let F be a saturated formation and N a normal subgroup of G. Assume that K ⊆ N, K  G and
K ⊆ Φ(G). Then N ∈ F if N/K ∈ F and π(K ) ⊆ π(F), where π(F) = {p | p ∈ π(G) for some group G ∈ F}.
Proof. Assume N/K ∈ F and let L be a minimal normal subgroup of G with L ⊆ K . Then the hy-
potheses hold on (G/L,N/L, K/L) and we can assume that N/L ∈ F by induction on |K |. Thus the
hypotheses still hold on (G,N, L) and so, if L < K , then N ∈ F by induction on |K |. Thus we can
assume that K = L is a minimal normal subgroup of G and hence K is a p-group for some prime p.
To prove that N ∈ F, we only need to prove K ⊆ ZF∞(N). Let f be an inner screen of F. Then
f (p) = ∅ since π(K ) ⊆ π(F). Thus we only need to prove that K ∩N f (p) ⊆ Z∞(N f (p)) by Lemma 2.15.
If K  N f (p) , then K ∩N f (p) = 1 since K ∩N f (p) G and K is minimal normal in G . It follows directly
that K ∩ N f (p) ⊆ Z∞(N f (p)). Assume K ⊆ N f (p) . Let U/V be any chief factor of N with p | |U/V | and
K  V < U  N f (p) . Then U/V is F-central in N since N/K ∈ F. Therefore, N f (p) ⊆ CN (U/V ) and
it follows that N f (p)/K is p-nilpotent by the choice of U/V . Since K ⊆ Φ(G), N f (p) is p-nilpotent
by [13, Lemma 1.8.1]. Thus, since K is a normal p-subgroup, K ∩ N f (p) ⊆ Z∞(N f (p)) and the lemma
holds. 
Recall, a group G is quasinilpotent if every its element induces an inner automorphism on each
chief factor of G . In a group G , the product of all quasinilpotent normal subgroups is called the
generalized Fitting subgroup of G and denoted by F ∗(G). It is known that F ∗(G) = F (G), the Fitting
subgroup of G , if F ∗(G) is soluble.
328 B. Li / Journal of Algebra 334 (2011) 321–337Lemma 2.17. Let G be a group and E a normal subgroup of G. If F ∗(E) ⊆ ZU∞(G), then E ⊆ ZU∞(G).
Proof. Since F ∗(E) ⊆ ZU∞(G) is soluble, F ∗(E) = F (E). Let Mi/Ni , i = 1,2, . . . , t , be all G-chief factors
contained in F ∗(E) and C = ⋂ti=1 CE (Mi/Ni). Then F ∗(E) = F (E) ⊆ C . If C = F ∗(E), then we can
choose a subgroup R of C such that R/F ∗(E) is a G-chief factor. Thus R/F ∗(E) is quasinilpotent and
so is R since R ⊆ C . It follows that R ⊆ F ∗(E), a contradiction. Thus, C = F ∗(E).
If E  ZU∞(G), then there is a G-chief factor L/K of E such that L/K is noncyclic, but any G-chief
factor U/V of E with |V | < |K | is cyclic. Let M/N be an arbitrary G-chief factor of F ∗(E) and put
C1 = CE (M/N). Since F ∗(E) ⊆ ZU∞(G), M/N is of prime order and hence L/L ∩ C1 ∼= LC1/C1  E/C1 is
cyclic. It follows that L ∩ C1  K and so L = (L ∩ C1)K . Therefore, L/K = (L ∩ C1)K/K ∼= L ∩ C1/K ∩ C1
is a G-chief factor. By the choice of K , we have that K ⊆ C1 and so L = K (L ∩ C1) = L ∩ KC1 = L ∩ C1.
This induces that L ⊆ C1 and consequently L ⊆ CE (M/N) for any G-chief factor M/N of F ∗(E). Thus
L ⊆ C = F ∗(E), a contradiction and the lemma holds. 
3. Some results
Lemma 3.1. Let P be a normal p-subgroup of G. If there is a subgroup D of P with 1 < |D| < |P | such
that every subgroup H in ΣD = {H ⊆ P | |H| = |D|, or if P is a nonabelian 2-group and |P : D| > 2, |H| =
2|D| and exp(H) > 2} having no supersoluble supplement in G is Π -normal in G, then P ⊆ ZU∞(G).
Proof. Assume that the lemma is false and let G be a counterexample of minimal order. Then G is
not supersoluble. We prove the lemma via the following steps:
(1) If N is a minimal normal subgroup of G contained in P , then |N| = |D|.
If |N| > |D|, then N has a proper subgroup H of order |D| and H is normal in some Sylow p-
subgroup Gp of G . If H has a supersoluble supplement U in G , then G = HU = NU . Since N ∩U  G ,
N ∩U = N or 1. If N ∩U = N , then G = U is supersoluble, a contradiction. If N ∩U = 1, then |N||U | =
|G| = |HU | |H||U | < |N||U |. This is impossible. Assume that H is Π -normal in G . Then H = N or 1
by Proposition 2.7, which is contrary to the choice of H .
Assume that |N| < |D|. Then for any subgroup H/N of G/N with order |D|/|N|, H is a subgroup
of order |D|. If H/N has no supersoluble supplement in G/N , then certainly H has no supersoluble
supplement in G and hence is Π -normal in G by hypotheses. Thus, if H/N has no supersoluble
supplement in G/N then H/N is Π -normal in G/N by Proposition 2.1(3). By the same argument, we
have that if p = 2, P/N is a nonabelian 2-group and |P : D| > 2, then every subgroup H/N of P/N
with exp(H/N) > 2 and of order 2|D|/|N| having no supersoluble supplement in G/N is Π -normal
in G/N . Thus the hypotheses hold on G/N and so P/N ⊆ ZU∞(G/N) by the choice of G . If N ⊆ Φ(P ),
then by Lemma 2.12, we have that P ⊆ ZU∞(G), which contradicts the choice of G . If there is another
minimal normal subgroup M of G with M ⊆ P , then M ∼= MN/N is cyclic and hence |M| |N| < |D|.
By the same argument as above, P/M ⊆ ZU∞(G/M). It follows that P ⊆ ZU∞(G) since M is cyclic. This
contradicts the choice of G . Thus N is the only minimal normal subgroup of G contained in P . In
particularly, Φ(P ) = 1 since Φ(P ) char P  G and N  Φ(P ). It follows that P is an elementary
abelian p-group. Let Gp be a Sylow p-subgroup of G . Choose M to be a maximal subgroup of N with
M  Gp . Since P is an elementary abelian p-group and |N| |D| < |P |, there is a subgroup R of P
such that P = N × R and |R| = |P |/|N| > |D|/|N|. Thus we can choose a subgroup H1 of R of order
p|D|/|N|. Let H = MH1, then |H| = |D| and H ∩ N = M  Gp . If H is Π -normal in G , then, since
H ∩ N = M = N , H ∩ N = 1 by Proposition 2.7. It follows that N is cyclic and so P ⊆ ZU∞(G) since
P/N ⊆ ZU∞(G/N), a contradiction. By hypotheses, H has a supersoluble supplement in G and so P
has a supersoluble supplement in G . Thus G/P is supersoluble. It follows from P/N ⊆ ZU∞(G/N) that
G/N is supersoluble. Now, if N ⊆ Φ(G), then G is supersoluble and hence P ⊆ ZU∞(G) = G . Assume
that N  Φ(G). Then there is a complement X of N in G . It follows that P ∩ X  G = NX since P  G
and P is abelian. But N is the only minimal normal subgroup of G contained in P , so X ∩ P = 1. It
follows that P = P ∩ NX = N(P ∩ X) = N . This is nonsense and hence (1) holds.
(2) |D| = p.
Assume that |D| = p does not hold and let N be a minimal normal subgroup of G contained in P .
Then N is noncyclic by (1). If N is maximal in P , then P/N is of order p and hence P/N ⊆ ZU∞(G/N).
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Let Gp be a Sylow p-subgroup of G and P1 be any maximal subgroup of Gp . We claim that P1
has a supersoluble supplement in G . If P1 ∩ N = N , then we can choose a subgroup H of order
|D| with P1 ∩ N < H  P1 ∩ P . Obviously, H ∩ N = H ∩ P1 ∩ N = P1 ∩ N is maximal in N and H ∩
N = P1 ∩ N  Gp . If H is Π -normal in G , then, since H ∩ N = N , H ∩ N = 1 by Proposition 2.7. It
follows that N is cyclic, which contradicts to |D| = p. Hence, by the hypotheses, H and so P1 has a
supersoluble supplement in G . Assume that N ⊆ P1. Since N is not maximal in P , N < P1 ∩ P . Let M
be a maximal subgroup of N such that M  Gp . Then |P1/M| p2 and M = 1. If P1/M possesses a
minimal subgroup H/M different from N/M , then |H| = |N| = |D|. If H is Π -normal in G , then by
Proposition 2.7, M = N ∩ H = N or 1, a contradiction. By hypotheses, H and so P1 has a supersoluble
supplement in G . Assume that N/M is the only minimal subgroup of P1/M . Let L/N be a minimal
normal subgroup of Gp/N contained in P1/N . Since L/M is of order p2 and, obviously, N/M is also
the only minimal subgroup of L/M , L/M is a cyclic subgroup of order p2. This implies that L = M〈a〉,
where a is an element in L of order p2. Let  = 〈xp | x ∈ L〉. Then  ⊆ Φ(L) and so  ⊆ N . Since L
is normal in Gp ,  is also normal in Gp . If = N , then L is cyclic and so is N . Thus |D| = |N| = p.
Assume  < N and let M1 be a maximal subgroup of N such that   M1  Gp . Then ap ∈ M1.
But since clearly a /∈ M1, we have that |M1〈a〉| = |N| = |D| and M1〈a〉 ∩ N = M1. As above argument
by Proposition 2.7, M1〈a〉 is not Π -normal in G and hence has a supersoluble supplement in G by
hypotheses. It follows that P1 has a supersoluble supplement in G and our claim holds. Now, we see
that all maximal subgroup of Gp has a supersoluble supplement in G and it follows directly from
Lemma 2.14 that G is p-supersoluble. Hence any p-chief factor of G is cyclic and, in particularly, N is
cyclic. Thus (2) holds.
(3) Every G-chief factor L/K in P is of prime order.
Since |D| = p by (2), every cyclic subgroup H of order p or 4 (if p = 2 and P is nonabelian) having
no supersoluble supplement in G is Π -normal in G .
Assume that there exists a G-chief factor in P which is not of prime order. Then we can choose a
G-chief factor L/K in P such that |L/K | is not a prime but |U/V | is a prime for all chief factor U/V
of G with U ⊆ P and |U | < |L|.
Let W =⋂U⊆K CG(U/V ), where U/V is a G-chief factor. Then, by [11, A, (12.3)], all elements in
W of p′-order act trivially on K since they act trivially on each G-chief factor of K . Let C = CG(K ).
Assume L  C . If L ⊆ KC , then L∩ C/K ∩ C ∼= L/K is a chief factor of G . By the choice of L/K , |L/K | =
|L∩C/K ∩C | is a prime, a contradiction. If L  KC , then it is easy to see that LC/K = L/K ×KC/K and
thereby, all p′-elements in C act trivially on L/K . It follows that all p′-elements in W act trivially on
L/K . Hence W ⊆ CG(L/K ). Since G/W = G/⋂U⊆K CG(U/V ) is an abelian group of exponent dividing
p − 1 and W ⊆ CG (L/K ), G/CG (L/K ) is an abelian group of exponent dividing p − 1. Since L/K is
G-irreducible, L/K is of prime order by [41, I, Lemma 1.3], a contradiction.
Now assume that L ⊆ C . Then K ⊆ Z(L). Let a, b be elements of order p in L. Suppose p > 2
or P is abelian. Then (ab)p = apbp[b,a] p(p−1)2 = 1. Hence the product of elements of order p is still
of order p and so Ω = {a ∈ L | ap = p} is a subgroup of L. If Ω ⊆ K , then all elements of W with
p′-order act trivially on every element of L of order p since they act trivially on K . It follows from
[18, IV, Satz 5.12] that all elements in W of p′-order act trivially on L. Thus W ⊆ CG(L/K ) and, as
above argument, L/K is of prime order, a contradiction. If Ω  K , then L = ΩK . Choose an element
a in Ω \ K such that 〈a〉K/K ⊆ L/K ∩ Z(Gp/K ). Let H = 〈a〉. If H has a supersoluble supplement
U in G , then HK/K has a supersoluble supplement U K/K in G/K . Thus G/K = (HK/K )(U K/K ) =
(L/K )(U K/K ). Since L/K is minimal normal in G/K and is abelian, L/K ∩U K/K = 1 or L/K ⊆ U K/K
and U K/K = G/K . If L/K ∩ U K/K = 1, then |L/K | = |G/K : U K/K | = |HU K/K : U K/K | |H| = p. It
follows that L/K is cyclic of order p, which contradicts to the choice of L/K . If L/K ⊆ U K/K = G/K ,
then L/K is cyclic since L/K is minimal normal in G/K and G/K = U K/K ∼= U/U ∩ K is supersoluble.
Hence H has no supersoluble supplement in G . Since a is of order p, by the hypotheses and (2), H is
Π -normal in G and so there is a subnormal subgroup T of G such that G = HT and H ∩ T  I  H ,
where I satisﬁes Π -property in G . Since H is of prime order, H ∩ T = H or 1. If H ∩ T = H , then H = I
satisﬁes Π -property in G . By Proposition 2.1(1), HK/K satisﬁes Π -property in G/K . It follows from
Proposition 2.7 that L/K = HK/K ∩ L/K = HK/K is cyclic, a contradiction. Assume that H ∩ T = 1.
Then |G : T | = p and, since T is subnormal in G , we see that T is normal in G . Clearly G = LT and
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induces that every G-chief factor in L is cyclic by [13, Theorem 1.6.8] and so L/K is. This contradiction
shows that every G-chief factor in P is of prime order. Hence (3) holds.
(4) Final contradiction.
It follows directly from (3) that P ⊆ ZU∞(G) and this contradiction completes the proof. 
Lemma 3.2. Let E be a normal subgroup of G, p a minimal prime divisor of |E| and P a Sylow p-subgroup
of E. Assume that |P | > p. If there is a subgroup D of P with 1 < |D| < |P | such that every subgroup H
in ΣD = {H ⊆ P | |H| = |D|, or if P is a nonabelian 2-group and |P : D| > 2, |H| = 2|D| and exp(H) > 2}
having no supersoluble supplement in G is Π -normal in G, then E is p-nilpotent.
Proof. Assume that the lemma does not hold and choose G to be a counterexample of minimal order.
We divide the proof into the following steps.
(1) O p′(G) = 1.
If O p′(G) = 1, then the hypotheses still hold on G/O p′ (G). Hence we can assume that EO p′ (G)/
O p′ (G) is p-nilpotent by the choice of G . It follows that E is p-nilpotent, a contradiction. So
O p′ (G) = 1.
(2) O p(E) = O p(G) ∩ E = 1.
Let N be a minimal normal subgroup of G with N ⊆ E . Then p | |N| by (1). Let Gp be a Sylow
p-subgroup of G with P ⊆ Gp . If there is a subgroup H of order |D| such that 1 = H ∩ N  Gp and
H is Π -normal in G , then N is a p-group by Proposition 2.8 and hence O p(E) = 1. Assume that any
such subgroup H is not Π -normal in G . Then H has a supersoluble supplement in G . Let P1 be any
maximal subgroup of Gp . If P1 ∩ N = 1, then there must be a subgroup H ⊆ P ∩ P1 of order |D|
with 1 = H ∩ N  Gp . In fact, if |D| < P1 ∩ N , then we can choose H to be a subgroup of P1 ∩ N ,
otherwise, we can choose H with P1 ∩ N  H  P ∩ P1 since |D|  |P ∩ P1|. Thereby, H and so P1
has a supersoluble supplement in G . If Np = Gp ∩ N , which is a Sylow p-subgroup of N , is not of
order p, then, for every maximal subgroup P1 of Gp , we have P1 ∩ N = P1 ∩ Np = 1. By the above
argument, every maximal subgroup P1 of Gp has a supersoluble supplement in G . By Lemma 2.14,
G is p-supersoluble and so is E . It follows that O p(E) = 1 since O p′ (E)  O p′ (G) = 1 by (1). Now
assume that Np is cyclic of order p. Then N is simple since N is minimal normal in G . But p is the
minimal prime divisor of |E| and so is of |N|. Thus N is soluble since Np is cyclic. It follows that
|N| = p and hence O p(E) ⊇ N = 1. O p(E) = O p(G) ∩ E is clear and (2) holds.
(3) Let N be a minimal normal subgroup of G with N ⊆ O p(E). Then |N| = |D|.
If |N| > |D|, then there is a subgroup H of N such that |H| = |D| and H  Gp . If H is Π -normal
in G , then H = H ∩ N = N or 1 by Proposition 2.7, a contradiction. Assume that H has a supersoluble
supplement U in G . Then G = HU = NU and it follows that N ∩ U = 1. Clearly, N ∩ U  G , so N ⊆ U
and G = U is supersoluble. Hence E is supersoluble and so is p-nilpotent since p is the minimal
prime divisor of |E|. Thus we can assume that |N|  |D|. If |N| < |D|, then, by Proposition 2.1, we
see that the hypotheses hold on G/N and, by the choice of G , E/N is p-nilpotent. If N ⊆ Φ(G), then
E is p-nilpotent by Lemma 2.16. Assume that N  Φ(G). Then N is complemented in G . Let X be a
complement of N in G and Q a Hall p′-subgroup of X ∩ E . Then, since X ∩ E ∼= (X ∩ E)N/N = E/N
is p-nilpotent, NQ /N char E/N  G/N and so NQ  G . By Frattini Argument, G = (NQ )NG(Q ) =
NNG(Q ). Since O p′ (G) = 1, NG(Q ) = G . Hence Gp  NG(Q ) and so Gp ∩ NG(Q ) < Gp . Assume that
P1 is a maximal subgroup of Gp containing Gp ∩ NG(Q ). If N ⊆ P1, then Gp = Gp ∩ NNG(Q ) =
N(Gp ∩ NG(Q )) ⊆ NP1 = P1, a contradiction. Thus N  P1. Since P1 is maximal in Gp , N ∩ P1 is
maximal in N and N ∩ P1 Gp . Clearly, P ∩ P1 is maximal in P and |N ∩ P1| < |N| < |D| |P ∩ P1|,
so there is a subgroup H of P1 such that N ∩ P1 < H  P ∩ P1 and |H| = |D|. Thus N ∩ P1 = N ∩ H . If
H is Π -normal in G , then, by Proposition 2.7, N ∩ P1 = N ∩ H = 1 or N . If N ∩ P1 = N , then N ⊆ P1,
a contradiction. Thus N ∩ P1 = 1. It follows that N is cyclic of order p and therefore, E is p-nilpotent
since E/N is p-nilpotent and p is a minimal prime divisor of |E|. This contradicts to the choice of G .
By hypotheses, H has a supersoluble supplement in G and so has a supersoluble supplement in E .
Assume that E = HU for some supersoluble subgroup U of E . Then U contains some conjugate of Q
since E is clearly p-soluble and U contains some Hall p′-subgroup of E . Without loss of generality, we
can assume that Q ⊆ U . Hence U ⊆ NG(Q ). Since E = HU = (P ∩ P1)U , P = P ∩ E = P ∩ (P ∩ P1)U =
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so N ⊆ P ⊆ P1, a contradiction. This contradiction shows that (3) holds.
(4) N is cyclic and so |D| = |N| = p.
Assume that N is noncyclic. We claim that all minimal subgroup of E/N of order p having no
supersoluble supplement in G is Π -normal in G . Assume A/N is of order p and A/N ⊆ E/N . Clearly,
A is noncyclic since N is. Thus there is a maximal subgroup H of A different from N . Therefore,
A/N = HN/N and |H| = |N| = |D|. If A/N has no supersoluble supplement in G , then clearly, H has
no supersoluble supplement in G . Hence, by hypotheses, H is Π -normal in G . Choose T to be a
subnormal subgroup such that G = HT and H ∩ T  I , where I is a subgroup of H satisfying Π -
property in G . Since |G : T | is a p-number, O p(G) ⊆ T . If N  T , then N  O p(G). It follows that
N ∼= NO p(G)/O p(G) is a cyclic chief factor of G . This is nonsense because N is noncyclic. Thus N ⊆ T .
It follows that G/N = (A/N)(T /N) and A/N ∩ T /N = HN/N ∩ T /N = (H ∩ T )N/N  IN/N . Since,
by Proposition 2.1, IN/N satisﬁes Π -property in G/N , A/N is Π -normal in G . Analogously, one can
prove that if P is a nonabelian 2-group and |P : D| > 2, then every cyclic subgroup of P/N of order 4,
which has no supersoluble supplement in G/N , is Π -normal in G/N . Thus, if N is noncyclic, then the
hypotheses hold on G/N . Thereby, E/N is p-nilpotent by the choice of G . By a similar argument as
in (3), one can prove that E is p-nilpotent. This contradicts to the choice of G and hence N is cyclic
and |N| = |D| = p.
(5) The ﬁnal contradiction.
If |O p(E)| > p, then all G-chief factors of O p(E) are cyclic by Lemma 3.1 and hence they are
all of order p. If O p(E) is of order p, then clearly the G-chief factor of O p(E) is cyclic of order p.
Since p is the minimal prime divisor of |E|, O p(E) ⊆ Z∞(E) and hence all elements of p′-order act
trivially on O p(E). If F ∗(E) = O p(E), then by Lemma 2.17, E is supersoluble and so is p-nilpotent.
Assume that O p(E) < F ∗(E) and let O = O p(F ∗(E)). Let R/(O p(E) ∩ O ) be a G-chief factor with
R ⊆ O . Then R is non-p-nilpotent since O p′ (G) = 1 and R is not a p-group. Let X be a minimal non-
p-nilpotent subgroup of R . Then X = A  B , where A is a p-group of exponent p or 4 (when A is
a nonabelian 2-group) and B is a p′-group. If A ⊆ O p(E), then B acts trivially on A, a contradiction.
Thus A  O p(E). Hence, if p > 2 or P is abelian, then there are elements of order p in R \ O p(E),
and, if P is nonabelian 2-group, then there are elements of order 2 or 4 in R \ O p(E). Assume that
there is an element a of order p in R \ O p(E) and let H = 〈a〉. Then H has a supersoluble supplement
in G or is Π -normal in G . Assume that H has a supersoluble supplement U in G . Then E = E ∩ HU =
H(E ∩U ). If H ⊆ E ∩U , then E = H(E ∩U ) = E ∩U is supersoluble and so is p-nilpotent. If H  E ∩U ,
|E : E ∩ U | = |H| = p. Since p is the minimal prime divisor of |E|, E ∩ U  E . It follows that E is
soluble and hence R/(O p(E) ∩ O ) is abelian. Since O p(E) ⊆ Z∞(E), R is nilpotent, a contradiction.
Hence H has no supersoluble supplement in G . By hypotheses and (4), H is Π -normal in G . Let T
be a subnormal supplement of H in G . Then H ⊆ R ⊆ O p(F ∗(E)) ⊆ O p(G) ⊆ T . Hence H satisﬁes
Π -property in G . It follows from Proposition 2.9 that R/(O p(E) ∩ O ) is a p-factor and hence R
is a p-group, a contradiction. Assume that there is no element of order p in R \ O p(E), then P
is a nonabelian 2-group and, by above, there are elements of order 4 in R \ O p(E). Assume that
a ∈ R \ O p(E) is of order 4 and let H = 〈a〉. Then a2 ∈ O p(E) since there is no element of order 2 in
R \ O p(E). If H has a supersoluble supplement U in G , then |G : O p(E)U | |HU : (H ∩ O p(E))U | 
|H : (H ∩ O p(E))| 2. As above argument, we have R is soluble and so is nilpotent, a contradiction.
If H is Π -normal in G , then H ⊆ R ⊆ O p(E) ⊆ T for any subnormal supplement T of H in G . Hence
H satisﬁes Π -property in G and by Proposition 2.9, R is a p-group, a contradiction. This is the ﬁnal
contradiction and the lemma holds. 
Theorem 3.3. Let F be a saturated formation containing all supersoluble groups and G a group with a normal
subgroup E such that G/E ∈ F. Suppose that every noncyclic Sylow subgroup P of E has a subgroup D such that
1 < |D| < |P | and every subgroup H in ΣD = {H ⊆ P | |H| = |D|, or if P is a nonabelian 2-group and |P :
D| > 2, |H| = 2|D| and exp(H) > 2} having no supersoluble supplement in G is Π -normal in G. Then G ∈ F.
Proof. Let p be the minimal prime divisor of |E| and P a Sylow p-subgroup of E . If P is noncyclic,
then E is p-nilpotent by Lemma 3.2. If P is cyclic, then, clearly, it still holds that E is p-nilpotent.
Let Q be a complement of P in E . Then Q char E  G . By Lemma 3.1 and Proposition 2.1, E/Q =
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on (G, Q ). Hence G ∈ F by induction on |E| and the theorem holds. 
Theorem 3.4. Let F be a saturated formation containing all supersoluble groups and G a group with a normal
subgroup E such that G/E ∈ F. Suppose that every noncyclic Sylow subgroup P of F ∗(E) has a subgroup D such
that 1 < |D| < |P | and every subgroup H in ΣD = {H ⊆ P | |H| = |D|, or if P is a nonabelian 2-group and
|P : D| > 2, |H| = 2|D| and exp(H) > 2} having no supersoluble supplement in G is Π -normal in G. Then
G ∈ F.
Proof. Let p be the minimal prime divisor of |F ∗(E)| and P a Sylow p-subgroup of F ∗(E). If P is
noncyclic, then F ∗(E) is p-nilpotent by Lemma 3.2. If P is cyclic, then, clearly, it still holds that F ∗(E)
is p-nilpotent. Let Q be a complement of P in F ∗(E). By repeating the above argument on Q , one
can ﬁnd ﬁnally that F ∗(E) has a Sylow tower and so is soluble. Thus F ∗(E) = F (E) is nilpotent. Now
by Lemma 3.1, F ∗(E) ⊆ ZU∞(G). It follows from Lemma 2.17 that E ⊆ ZU∞(G) ⊆ ZF∞(G). Hence G ∈ F
since G/E ∈ F. 
By Lemma 3.1 and Proposition 2.3, we can also obtain the following
Corollary 3.5. Let P be a normal 2-subgroup of G. If all elements in P of order 2 are contained in Z∞(G) and
all elements of order 4 in P are Π -normal in G, then P ⊆ Z∞(G).
Proof. By Lemma 3.1, every G-chief factor of P is cyclic. Thus the corollary holds directly from that
P is a normal 2-subgroup of G . 
Lemma 3.6. Let p be an odd prime and P be a normal p-subgroup of G. If all elements in P of order p is
contained in Z∞(G), then P ⊆ Z∞(G).
Proof. By hypotheses, all elements of p′-order act trivially on every element in P of order p. Thus
by [18, Satz IV. 5.12], all elements of p′-order act trivially on P and so P ⊆ Z∞(P O p(G)). Since N
has an inner screen f with f (p) = Np , the class of all p-groups. It follows from Lemma 2.15 that
P ⊆ Z∞(G). 
By Corollary 3.5, Lemmas 3.6 and 3.2, we can obtain the following theorem.
Theorem 3.7. Let F be a saturated formation and G a group with a normal subgroup E such that G/E ∈ F.
Suppose that all cyclic subgroup in F ∗(E) of order 4 are Π -normal in G and all elements of prime order are
contained in Z∞(G). Then G ∈ F.
Proof. By Theorem 3.4, E is supersoluble. Now, by Corollary 3.5 and Lemma 3.6, F ∗(E) = F (E) ⊆
Z∞(G). Let p be the maximal prime divisor of |E| and P a Sylow p-subgroup of E . Then P  E since
E is supersoluble. Thus P ⊆ F (E) ⊆ Z∞(G). Hence E = P × Ep′ , where Ep′ is a Hall p′-subgroup of E .
Repeating the above argument on Ep′ , we can obtain ﬁnally that E is nilpotent and so E = F (E) ⊆
Z∞(G). It follows from G/E ∈ F that G ∈ F and the theorem holds. 
We get the following corollary directly from Theorem 3.7.
Corollary 3.8. Let F be a saturated formation and G a group with a normal subgroup E such that G/E ∈ F.
Suppose that all cyclic subgroups in E of order 4 are Π -normal in G and all elements of prime order are
contained in Z∞(G). Then G ∈ F.
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In the literature one can ﬁnd the following special cases of Theorems 3.3, 3.4 and 3.7.
Corollary 4.1. (See [33].) Let F be a saturated formation containing all supersoluble groups and G a group
with a normal subgroup E such that G/E ∈ F. Suppose that every noncyclic Sylow subgroup P of F ∗(E) has a
subgroup D such that 1< |D| < |P | and all subgroups H of P with order |H| = |D| and with order 2|D| (if P
is a nonabelian 2-group and |P : D| > 2) are weakly s-permutable in G. Then G ∈ F.
Corollary 4.2. (See [33].) Let F be a saturated formation containing all supersoluble groups and G a group
with a normal subgroup E such that G/E ∈ F. Suppose that every noncyclic Sylow subgroup P of E has a
subgroup D such that 1< |D| < |P | and all subgroups H of P with order |H| = |D| and with order 2|D| (if P
is a nonabelian 2-group and |P : D| > 2) not having a supersoluble supplement in G are weakly s-permutable
in G. Then G ∈ F.
Corollary 4.3. (See [40].) Let F be a saturated formation containing all supersoluble groups and G a group
with a normal subgroup E such that G/E ∈ F. If all maximal subgroups of the Sylow subgroups of F ∗(E) are
c-normal in G, then G ∈ F.
Corollary 4.4. (See [40].) Let F be a saturated formation containing all supersoluble groups and G a group
with a normal subgroup E such that G/E ∈ F. If all minimal subgroups and all cyclic subgroups with order 4
of F ∗(E) are c-normal in G, then G ∈ F.
Corollary 4.5. (See [37].) Let G be a ﬁnite group and N a normal subgroup of G such that G/N is nilpotent.
Suppose that every element of order 4 of F ∗(N) is c-normal in G. Then G is nilpotent if and only if 〈x〉 is
contained in the hypercenter Z∞(G) of G for every element x in F ∗(N) of prime order.
Corollary 4.6. (See [37].) Let G be a ﬁnite group and N a normal subgroup of G such that G/N is supersoluble.
Suppose that every element of prime order or order 4 is c-normal in G, then G is supersoluble.
Corollary 4.7. (See [32].) Let E be a normal subgroup of a group G of odd order such that G/E is supersolu-
ble. Suppose that every noncyclic Sylow subgroup P of E has a subgroup D such that 1 < |D| < |P | and all
subgroups H of P with order |H| = |D| are c-normal in G. Then G is supersoluble.
Corollary 4.8. (See [34].) If the maximal subgroups of the Sylow subgroups of G are normal in G, then G is
supersoluble.
Corollary 4.9. (See [15].) If the maximal subgroups of the Sylow subgroups of G not having supersoluble sup-
plement in G are normal in G, then G is supersoluble.
Corollary 4.10. (See [5].) Let G be a group and E a soluble normal subgroup of G with supersoluble quotient
G/E. Suppose that all maximal subgroups of any Sylow subgroup of F (E) are s-permutable in G. Then G is
supersoluble.
Corollary 4.11. (See [3].) Let F be a saturated formation containing all supersoluble groups and G be a group
with a soluble normal subgroup E such that G/E ∈ F. If all minimal subgroups and all cyclic subgroups with
order 4 of F (E) are s-permutable in G, then G ∈ F.
Corollary 4.12. (See [34].) If the maximal subgroups of the Sylow subgroups of G are s-permutable in G, then
G is supersoluble.
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that all minimal subgroups of E and all its cyclic subgroups with order 4 are s-permutable in G. Then G is
supersoluble.
Corollary 4.14. (See [6].) Let F be a saturated formation containing all supersoluble groups and G a group
with a soluble normal subgroup E such that G/E ∈ F. If all minimal subgroups and all cyclic subgroups with
order 4 of E are weakly s-permutable in G, G ∈ F.
Corollary 4.15. (See [6].) Let F be a saturated formation containing all supersoluble groups and G a group
with normal subgroup E such that G/E ∈ F. Assume that a Sylow 2-subgroup of G is abelian. If all minimal
subgroups of E are permutable in G, then G ∈ F.
Corollary 4.16. (See [30].) Let G be a soluble group. If all maximal subgroups of the Sylow subgroups of F (G)
are normal in G, then G is supersoluble.
Corollary 4.17. (See [26].) Let F be a saturated formation containing all supersoluble groups and G a group
with a normal subgroup E such that G/E ∈ F. If all minimal subgroups and all cyclic subgroups with order 4
of F ∗(E) are s-permutable in G, then G ∈ F.
Corollary 4.18. (See [27].) Let F be a saturated formation containing all supersoluble groups and G a group
with a normal subgroup E such that G/E ∈ F. If all maximal subgroups of F ∗(E) are s-permutable in G, then
G ∈ F.
Corollary 4.19. (See [2].) If the maximal subgroups of the Sylow subgroups of G not having supersoluble sup-
plement in G are c-normal in G, then G is supersoluble.
Corollary 4.20. (See [8].) Let F be a saturated formation containing U. If all minimal subgroups and all cyclic
subgroups with order 4 of GF are c-normal in G, then G ∈ F.
Corollary 4.21. (See [9].) Let G be a group of odd order. If all subgroups of G of prime order are normal in G,
then G is supersoluble.
Corollary 4.22. (See [36].) If all subgroups of G of prime order or order 4 are c-normal in G, then G is super-
soluble.
Corollary 4.23. (See [36].) If the maximal subgroups of the Sylow subgroups of G are c-normal in G, then G is
supersoluble.
Corollary 4.24. (See [23].) Let G be a group and E a soluble normal subgroup of G with supersoluble quotient
G/E. If all maximal subgroups of the Sylow subgroups of F (E) are c-normal in G, then G is supersoluble.
Corollary 4.25. (See [23].) Let G be a group and E a soluble normal subgroup of G with supersoluble quotient
G/E. If all subgroups of F (E) of prime order or order 4 are c-normal in G, then G is supersoluble.
Corollary 4.26. (See [39].) Let F be a saturated formation containing all supersoluble groups and G a group
with a soluble normal subgroup E such that G/E ∈ F. If all maximal subgroups of the Sylow subgroups of F (E)
are c-normal in G, then G ∈ F.
Corollary 4.27. (See [39].) Let F be a saturated formation containing all supersoluble groups and G a group
with a soluble normal subgroup E such that G/E ∈ F. If all minimal subgroups and all cyclic subgroups with
order 4 of F (E) are c-normal in G, then G ∈ F.
B. Li / Journal of Algebra 334 (2011) 321–337 335Corollary 4.28. (See [28].) Suppose N is a normal subgroup of a group G such that G/N is nilpotent. Suppose
that every element of prime order of N is contained in Z∞(G), every cyclic subgroup of order 4 of N is s-
permutable in G or lies also in Z∞(G). Then G is nilpotent.
Corollary 4.29. (See [7].) Let G be a soluble group with a normal subgroup E such that G/E is supersolu-
ble. If all maximal subgroups of the Sylow subgroups of F (E) are S-quasinormally embedded in G, then G is
supersoluble.
Corollary 4.30. (See [21].) Let E be a normal subgroup of a group G and F a saturated formation containing
all supersoluble groups. Assume that G/E ∈ F and F ∗(E) is soluble. Suppose that for every noncyclic Sylow
p-subgroup P of F ∗(E), there is a p-number np such that 1 < np < |P |. If all subgroups of P of order np
and, if P is a nonabelian 2-group, all subgroups of order 2np with exponent greater than p are s-conditionally
permutable in G, then G ∈ F.
Corollary 4.31. (See [21].) Let E be a normal subgroup of a group G and F a saturated formation containing
all supersoluble groups. Assume that G/E ∈ F and F ∗(E/Φ(E)) is soluble. Suppose that for every noncyclic
Sylow p-subgroup P of H, there is a p-number np such that 1 < np < |P |. If all subgroups of P of order np
and, if P is a nonabelian 2-group, all subgroups of order 2np with exponent greater than p are s-conditionally
permutable in G, then G ∈ F.
Corollary 4.32. (See [17].) Let F be a saturated formation containing all supersoluble groups. A group G ∈ F if
and only if G has a soluble normal subgroup E such that G/E ∈ F and every maximal subgroup of every Sylow
subgroup of E is c-semipermutable in G.
Corollary 4.33. (See [17].) Let F be a saturated formation containing all supersoluble groups. A group G ∈ F if
and only if G has a soluble normal subgroup E such that G/E ∈ F and every maximal subgroup of every Sylow
subgroup of F (E) is c-semipermutable in G.
Corollary 4.34. (See [1].) Let F be a saturated formation containing all supersoluble groups and G a group
with a normal subgroup E such that G/E ∈ F. If every maximal subgroup of every noncyclic Sylow subgroup
of E not having a supersoluble supplement in G is Uc-normal in G, then G ∈ F.
Corollary 4.35. (See [1].) Let F be a saturated formation containing all supersoluble groups and G a group with
a normal subgroup E such that G/E ∈ F. If all cyclic subgroups of E with prime order or order 4 are Uc-normal
in G, then G ∈ F.
Let Z be a complete set of Sylow subgroups of a group G and P a Sylow 2-subgroup of G . It is
not diﬃcult to verify that if every maximal subgroups of P (every cyclic subgroup of order 2 or 4) is
Z-permutable in G or every maximal subgroups of P is S-quasinormally embedded in G , then G is
soluble. Thus we have also
Corollary 4.36. (See [4].) Let F be a saturated formation containing the class of supersoluble groups U and let
Z be a complete set of Sylow subgroups of a group G. Then the following two statements are equivalent:
(1) G ∈ F.
(2) There is a normal subgroup E in G such that G/E ∈ F and the maximal subgroups of Gp ∩ E are Z-
permutable subgroups of G, for all Gp ∈ Z.
Corollary 4.37. (See [25].) Let Z be a complete set of Sylow subgroups of a group G and p the smallest prime
dividing |G|. If the maximal subgroups of Gp ∈ Z are Z-permutable subgroups of G, then G is p-nilpotent.
Corollary 4.38. (See [7].) Let G be a ﬁnite group. If each maximal subgroup of Sylow subgroups of G is S-
quasinormally embedded in G, then G is supersoluble.
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Then G ∈ F if and only if there is a normal subgroup E such that G/E ∈ F and every maximal subgroup of all
Sylow subgroups of E is either c-normal or S-quasinormally embedded in G.
Corollary 4.40. (See [24].) Let F be a saturated formation containing all supersoluble groups and G a group.
Then G ∈ F if and only if there is a normal subgroup E such that G/E ∈ F and every maximal subgroup of all
Sylow subgroups of F ∗(E) is either c-normal or S-quasinormally embedded in G.
5. Remarks
1. Recall that an element x of a group G is quasicentral in G if 〈x〉〈y〉 = 〈y〉〈x〉 for all y ∈ G .
The quasicenter, Q (G), of G is the subgroup generated by all quasicentral elements of G , and the
hyperquasicenter, Q ∗(G) is the largest term of the chain of subgroups
Q 0(G) = 1 Q 1(G) = Q (G) Q 2(G) · · ·
where Q i(G)/Q i−1(G) = Q (G/Q i−1(G)) for all i > 0. It is known by Mukherjee that Q ∗(G) = ZU∞(G)
(see [41, Theorem I, 7.10]). It follows from Proposition 2.3 that all subgroups contained in Q ∗(G)
satisfy Π -property in G . An element x ∈ G is called a generalized central element if 〈x〉 permutes
with every Sylow subgroup of G . Subgroup genz(G), which is generated by all generalized central
element in G , is called the generalized center of G . Not similar to Q (G), subgroups in genz(G) do not
necessary satisfy Π -property in G .
Example 5.1. Let G = S3  Z3 and K be the base of the wreath product, where S3 is the symmetric
group of degree 3 and Z3 is a group of order 3. Consider K as a subgroup of G . Clearly, the Sylow 3
subgroup of K is equal to genz(G). Let P be a Sylow 3-subgroup of G and let Z = Z(P ) ∩ genz(G).
Then Z does not satisfy Π -property in G .
2. Let G be a soluble group. Then any maximal subgroup M in G satisﬁes Π -property, since, clearly,
M is a CAP-subgroup of G . But we do not know whether the converse is true.
Question 5.2. Assume all maximal subgroups of a group G satisfyΠ -property in G. Is it true that G is soluble?
3. By a similar argument, “supersoluble supplement” can be replaced by “p-nilpotent supplement”
in Lemma 3.2.
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